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A BSTRACT
There are two main principles in which a flow field can be described. In its Eulerian representation, the immediate direction of
the flow is used. In its Lagrangian representation, the paths of fluid
parcels are stored. The latter way has proven less prone to error
in cases when only a sparse subset of the original flow field can
be used due to restrictions in computational capacity, which are inevitable in practice. But so far, a main drawback of the Lagrangian
representation is that it leads to unsightly lines with sharp edges,
because the spanning trajectories are stored as polygonal chains to
minimize storage space.
In this paper, we tackle this issue by proposing to represent the
trajectories by means of parameter curves, like composite Bézier
curves and cubic Hermite splines, instead of polygonal chains. We
demonstrate that a parameter representation results in smoother
lines with comparable approximation error under equal conditions
of limited storage capacity.
1

I NTRODUCTION

In fluid dynamics, flow is a set of continuous, time-dependent physical quantities in a spatial domain (density, pressure, stress, temperature, and flow velocity) that describe the behavior of a fluid in
motion. Among these, the velocity is most commonly used for visualization. There are two specifications of a flow field. On one
hand, the Eulerian specification describes the flow passing through
a fixed spatial domain. It can be interpreted as the point of view of
a stationary observer standing at a river’s bank watching the water
flow by. The usual way of storing a flow field in its Eulerian specification is by means of its velocity field, which is a time-dependent
vector field that maps each point in space to the velocity of the flow
at a given time
v : Rd × R → Rd ,

x,t 7→ v(x,t).

(1)

On the other hand, the Lagrangian specification of a flow field describes the properties of a fixed fluid parcel as it travels through
space. This specification can be imagined as the point of view of
an observer that sits in a boat and moves along with the flow of
the river. The usual way of storing a flow field in its Lagrangian
specification is by means of its flow map Ftt0 . A flow map identifies starting positions x0 at times t0 of massless particles with their
trajectories as they are advected by the flow, which means that the
particle moves tangentially to the flow velocity at all times. Mathematically, the flow map is the mapping
Ftt0 : R × R × Rd → Rd ,

t × t0 × x0 7→ Ftt0 (x0 ) = x(t)

(2)

of initial values x0 to the solutions of the ordinary differential equation
d
(3)
x(t) = v(x(t),t).
dt
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Practically, a flow parcel at (x0 ,t0 ) moves to Ftt0 (x0 ) in the time
interval [t0 ,t]. Once the trajectories are known, storing the velocity
is no longer necessary because it is indirectly given through the
latter relation.
Theoretically, the two representations are equivalent because the
trajectories can be derived from the vectors through integration and
the vectors from the trajectories through differentiation. In practice
however, there is a big difference. One point to consider is that
either representation will be given at discrete positions and times
only. Evaluations of the flow at arbitrary positions have to be estimated using interpolation. The other issue is that the integration or
differentiation to convert one representation to the other have to be
numerically approximated.
The flow fields are usually simulated on high performance supercomputers with many small time steps to keep error accumulation,
which appears in numerical integration, small. In modern supercomputer architecture the computational capacity is much bigger
than the I/O bandwidth [7]. That is why only few time steps of
the calculation are actually flushed out and stored to disk. In order
to get as much information as possible through this bottleneck, the
Lagrangian representation has proven more useful, especially under extreme temporal sparsity [1]. The reason is that a majority of
flow visualization techniques use trajectories and that the numerical
integration in settings of temporal sparsity is prone to error propagation.
There is one major drawback though in the way the trajectories
have been handled so far. It is their lack of smoothness. In order
to minimize the storage requirements, the trajectories have been
stored just through their endpoint in the consecutively stored time
step. For the generation of arbitrarily seeded, longer pathlines, the
interpolated trajectories are patched after every time step. The result is a non-smooth, unsightly polygonal chain. In this paper, we
analyze how parametric curves can be used to overcome this issue.
2

R ELATED W ORK

Advection has been used for flow visualization much longer than
computers [30]. Since the seminal work of Hulquist [16], it has
been the primary technique for calculating the trajectory of a particle in a flow field. In state-of-the-art flow visualization, the large
majority of techniques utilize advection [19, 20, 27, 21, 24, 3]. Advection methods typically construct integral curves, which are continuous functions tangential to the vector field. An integral curve
encodes the trajectory of a single massless particle, which in turn
gives insight into the flow behavior in the area surrounding the particle’s path. When considering many integral curves throughout the
spatial domain, the flow field starts to be revealed, and is ultimately
defined in terms of a flow map. When the field is defined by a flow
map, then the representation is referred to as Lagrangian.
Lagrangian methods have been utilized significantly within the
flow visualization community over the last few years through the
calculation of Lagrangian Coherent Structures (LCS) by Haller et
al. [14, 13], which focus on features of the flow field based on the
calculation of stable manifolds. These time-consuming methods,
largely-limited by the number of advection steps required, have
been improved by the visualization community through GPU acceleration [11, 25], adaptive mesh refinement techniques [10], and
interpolation over sparse particles [2]. Others have used the La-

grangian methods by incorporating flow maps into the Eulerian representation of a flow field [28, 26, 17].
Hlawatsch et al. [15] and Agranovsky et al. [1] use the flow map
directly. Hlawatsch et al. utilize a hierarchical scheme to decrease
the number of integration steps by constructing longer integral lines
from previously computed partial solutions. They precompute a set
of Lagrangian-based trajectories and attempt to choose the correct
ones to utilize when forming pathlines. Agranovsky et al. utilize
trajectories at each point of a mesh, interpolating these trajectories
by utilizing barycentric coordinate interpolation over the mesh elements. They argue that their method is faster, more accurate, and
uses less memory to obtain a similar error to advection methods in
the context of in-situ calculation, where all the results of a simulation are known and trajectories can be explicitly analyzed. In addition, by using Lagrangian representations, this allows their method
to avoid problems in time sparsity.
Chandler et al. [5] construct visualizations of particle based
flows and utilize trajectories of the particles in their calculations.
They limit their study to smoothed particle hydrodynamics (SPH)
applications [22], where each particle is associated with a parameter that defines a radius about which they influence the flow. Chen
et al. use Bézier curves for the visualization of uncertainty [6].
The method of Agranovsky et al., in its simplest form, saves the
endpoint of each trajectory for each mesh element – thereby not increasing the storage for the method. Using only these endpoints,
pathlines generated through this method must be piecewise linear,
violating the smooth integral curve visualization that we anticipate
in the visualization field. This paper presents an analysis of representing these trajectories not as single points, but as curves –
interpolating these curved trajectories to obtain the pathlines necessary for integration into visualization methods. We explore various methods for generation of these curves and analyze their corresponding errors.
3

PARAMETER R EPRESENTATIONS

OF

Especially, the points p0 , ..., pn are part of the trajectory. The resulting curve is continuous, but in general not differentiable, i.e. it
is a C0 curve and not smooth. An example can be found in Figure
2(a).
3.2

x(t) =q0 (2t 3 − 3t 2 + 1) + q̇0 (t 3 − 2t 2 + t)
+ q1 (−2t 3 + 3t 2 ) + q̇1 (t 3 − t 2 ).

q0 =pi−1 ,
q1 =pi ,
1 pi − pi−1 pi−1 − pi−2
+
)(ti − ti−1 ),
q̇0 = (
2 ti − ti−1
ti−1 − ti−2
1 pi − pi−1 pi+1 − pi
+
q̇1 = (
)(ti − ti−1 )
2 ti − ti−1
ti+1 − ti

T RAJECTORIES

t 7→ x(t).

(4)

This function can be given by an implicit equation or a parameterization. In a discrete setting, the points can also be given explicitly.
We will work with parameter representations and especially concentrate on two of the most popular parametric curves: the composite cubic Bézier curves and the cubic Hermite splines. They are easy
to handle, flexible but robust, and have proven very useful in computer graphics and computer aided geometric design. The main reason for us to choose them is that they consist of cubic polynomials.
These are the lowest order polynomials that can be concatenated
to form smooth curves in which changes have only local influence.
They also are the lowest order polynomials that can have points
of infliction and the lower the order, the higher the robustness the
polynomial. For an introduction to parameter curves, we recommend [8]. Now, we give a brief overview on the ones that we will
analyze.
3.1

The probably easiest way to describe a trajectory is by means of
a polygonal chain or piecewise linear curve. This is a number of
connected line segments, defined by their endpoints p0 , ..., pn ∈ Rd
at given times t0 , ...,tn ∈ R. The trajectory x(t) ⊂ Rd is then constructed from linear interpolation of the preceding and following
given points in time. That means for ti ≤ t ≤ ti+1 , it suffices
t − ti
t − ti
pi + (1 −
)pi+1 .
ti+1 − ti
ti+1 − ti

(7)

in (6) to get an overall C1 spline. The first and the last segment
need to be treated differently because there is only one neighboring
point. We just use the one-sided finite differences there. In the case
of equidistant times, this C1 spline coincides with the well known
Catmull-Rom spline [4]. An example can be found in Figure 2(b).
3.3

Bézier Curves

One of the most popular parametric curve representations in computer graphics are Bézier curves [8]. They were independently developed by Pierre Bézier at Renault and Paul de Casteljau at Citroën
in the early 1960s.
A Bézier curve of order n ∈ N over the parameter t ∈ [0, 1] is
defined by a sequence of n + 1 control points p0 , ..., pn ∈ Rd and
the calculation rule
n

Polygonal Chains

x(t) =

(6)

Using the Hermite basis makes the construction of the whole spline
for the sequence p0 , ..., pn very easy. The claim for the spline to
pass through the interpolation points fixes two of four degrees of
freedom in each segment. Since we do not have information about
the derivatives, we have to reasonably estimate them from the data.
This problem has no generally valid optimal solution and different choices lead to different splines. To guarantee differentiability
in each point, we average the forward and backward finite differences at the ends of each spline segment. In particular, using four
consecutive points pi−2 , pi−1 , pi , pi+1 ∈ Rd with parameter values
ti−2 ,ti−1 ,ti ,ti+1 ∈ R, we can construct the i-th segment between
pi−1 and pi by setting

Mathematically, a trajectory is a function mapping a time interval
onto a curve, which is a one-dimensional subset in space
R → Rd ,

Cubic Hermite Splines

A piecewise linear curve can be transformed into a smooth curve
using a cubic Hermite spline [8, 4, 18]. It passes through all the
points in the sequence, but instead of combining the points linearly,
it uses cubic polynomials in each segment. The additional degrees
of freedom are used to tune the derivatives on both sides of each
point.
If a general cubic polynomial is given in its Hermite basis, the
coefficients immediately coincide with the given points q0 , q1 ∈ Rd
and derivatives q̇0 , q̇1 ∈ Rd at both ends

(5)

x(t) =

∑ Bi,n (t)pi

(8)

i=0

with the Bernstein polynomial
 
n i
Bi,n (t) =
t (1 − t)n−i .
i

(9)

The endpoints p0 , pn lie on the Bézier curve, but the remaining control points generally not.

3.5 C1 Cubic composite Bézier Curves
The interpretation of the cubic Bézier curves to have the positions
fixed by the outer control points and the derivatives fixed by the
inner control points makes it easy to construct smooth composite
Bézier curves from them.
Similar to the C1 spline, we can slightly modify the control
points of two consecutive segments to construct a C1 curve. Let
p3i at parameter ti be the endpoint of the i-th segment and the startpoint of segment i + 1, then we average the left and right derivative
p3i − p3i−1
,
t3i − t3i−3
p3i+1 − p3i
ẋ+ (ti ) = 3
,
t3i+3 − t3i
1
ẋ(ti ) = (ẋ− (ti ) + ẋ+ (ti ))
2
ẋ− (ti ) = 3

(a) Order 1.

(b) Order 2.

(12)

and adjust the positions of the neighboring control points respectively
1
p03i−1 = p3i − ẋ(ti )(t3i − t3i−3 ),
3
(13)
1
p03i+1 = p3i + ẋ(ti )(t3i+1 − t3i ).
3
An example can be found in Figure 2(d).
(c) Order 3.

(d) Order 4.

Figure 1: The pink curves are the best approximations of Bézier
curves of order 1 to 4 to the original grey trajectories in the sense
of a least squares fit. The thin pink lines connect the control points.
The endpoints are not part of the least squares variation.

An illustration of the approximation capabilities of the lowest order Bézier curves can be found in Figure 1 applied to some example
pathlines in a simple spiral flow field.
The most popular Bézier curves are the cubic ones. Defined by
four points p0 , ..., p3 , they take the shape
x(t) = (1 − t)3 p0 + 3t(1 − t)2 p1 + 3t 2 (1 − t)p2 + t 3 p3 .

(a) C0 polygonal chain.

(b) C1 cubic Hermite spline.

(c) C0 cubic composite Bézier curve.

(d) C1 cubic composite Bézier curve.

(10)

Their behavior is very intuitive. The two outer control points define
the endpoints of the curve while the two control points in the middle
steer the derivatives of the curve at its ends, because of
x0 (0) = 3(p1 − p0 ),
x0 (1) = 3(p3 − p2 ).

(11)

3.4 C0 Composite Bézier Curves
In order to get a more flexible curve descriptor based on low order Bézier curves, composite Bézier curves are used [8]. Similar
to the piecewise linear curves in Subsection 3.1, the final curve is
constructed from a sequence of connected line segments. Only that
in this case, we do not use piecewise linear curves but piecewise
Bézier curves. The result is a continuous C0 curve.
Because of their flexibility and simplicity, especially composite cubic Bézier curves are used to describe vector graphics in
Corel Draw, Gimp, and Inkscape and also fonts, like for example, PostScript. A composite cubic Bézier curve is defined by a
sequence of points p0 , ..., p3n+1 . For each i ∈ N the control points
p3i , p3i+1 , p3i+2 , p3i+3 ∈ Rd form one cubic Bézier curve. The
curve is C0 . Every third point p3i ∈ Rd in the sequence lies on
the curve and is associated with a time t3i ∈ R. An example can be
found in Figure 2(c).

Figure 2: Overview of the used trajectory representations on a spiral
flow example. The grey pathline is approximated by the thick pink
curve. The thin pink lines connect the control points.
4 W ORK F LOW
Similarly to the work of Agranovsky et al. [1] , the following steps
have to be made to generate arbitrary pathlines from the trajectory
representations.
1. Calculation of the spanning trajectories.
2. Calculation of the parameters for storing the spanning trajectories depending on the different curve representations.

3. Construction of randomly seeded pathlines from interpolation
and composition of the spanning trajectories.
4. Evaluation of the pathlines.
If the numerical flow simulation works with trajectories, the first
step is already done with the high temporal resolution of the simulation using Ntsim time steps. If not, it has to be done simultaneously
with the simulation, but the additional computational effort is small
compared to the costs of the simulation. The second step is also to
be performed in-situ. Then, we face the bottleneck when the parameters of the curves are stored for only Nt < Ntsim time slices. The
two latter steps are done post-hoc, independently from the simulation. They work on the sparser information that could be stored.

with the multi-index α ∈ Nd and ζ ∈ Bkx−ak (x), [9]. From the remainder of the Taylor series follows the estimate for the linear interpolation Lx of a function f : Rd → R with respect to x
|Lx f (x) − f (x)| ≤

d2 2
h
max kH f (ζ )k∞ .
8 x ζ ∈Bkx−ak (x)

(15)

with the Hessian matrix H f containing all second order partial
derivatives of f and the vector norm k.k∞ returning its maximal
component, [29]. For a multi-dimensional function f : Rd → Rd ,
the previous estimate holds for each of its components. Finally, we
will use the following properties of the flow map
t

t

j−1
j−1
Lx Ft j−1
(x) = x = Ft j−1
(x)

(16)

and because of that, the second derivatives vanish
t

HF t j−1
(x) = 0.
j−1

(17)

5.2 Error at the Stored Times
This estimate holds for all discussed parameter representations of
the trajectories, because they have the same endpoints at the stored
time steps. Using the Taylor expansion with respect to time, we can
write
(14)
tj
t j−1
τ
(18)
Lx Ft j−1
(x) = Lx Ft j−1
(x) + ht Lx Ḟ t j−1 (x),
(a) First time step.

which reveals that patching together the interpolated trajectories is
a special kind of one-step numerical integration method

(b) Second time step.

Figure 3: Spanning trajectories are drawn in dark grey. They are approximated by lines, which are shown in light grey. The randomly
seeded startpoint (pink) is interpolated using the closest spanning
trajectories moving from the left grey triangle to the the right grey
triangle. This step is repeated until the desired length for the pathline is reached.
In our experiments, we work with analytic flow fields and perform all four steps. We use the Runge Kutta integration method on
the analytically defined vector fields to generate the spanning trajectories. We restart them seeded on a regular grid after every of
the Nt I/O operations to prevent areas from running empty. Since
the spanning trajectories are short compared to the whole integration time, we store them es elementary curves. For the splines,
we store them as line segments. That means we store their endpoints. For the composite Bézier curves, we determine the optimal
Bézier curve from solving the least squares fit and store their control
points. When we construct the randomly seeded pathlines, we will
linearly interpolate these short trajectories for the interval of each
time slice Nt . That means, we interpolate the endpoints and control
points respectively. Then, we compose the result to produce long
pathlines as can be seen in Figure 3. On a uniform grid, bi-linear or
tri-linear interpolation can be used and barycentric coordinates for
irregularly distributed spanning trajectories, as they occur in SPH
simulations.
5

T HEORY

In this section, we analyze the theoretical bounds on the error using
numerical mathematics.
5.1

x j = x j−1 + ht f (t j−1 , x j−1 )

(19)

with increment function
τ

f (t j−1 , x j−1 ) =Lx Ḟ t j−1 (x j−1 ).

(20)

Its local approximation error τn suffices
t

t

(15) d 2

j
j
kLx Ft j−1
(x) − Ft j−1
(x)k∞ ≤

8

(14) d

=

(17)

=

2

8
d2
8

h2x kH

t

(ζ )k∞

h2x kH

t

(ζ ) + ht HḞtτ (ζ )k∞

j
Ft j−1

j−1
Ft j−1

j−1

h2x ht kHḞtτ (ζ )k∞ .
j−1

(21)
It is known from numerics of ordinary differential equations [12]
that the global truncation error
en = xn − x(tn )

(22)

is related to the local truncation error by
en ≤ n max τ j eL(tn −t0 )
j=0,...,n

(23)

if the increment function is Lipschitz continuous with respect to its
second argument with Lipschitz constant L. Our increment function
is piecewise linear and therefore Lipschitz continuous. Together
with ht n = tn − t0 , that leads to
en ≤

d2
(tn − t0 )h2x max max kHḞtτ (ζ )k∞ eL(tn −t0 ) .
j−1
8
τ∈[t0 ,tn ] ζ ∈Rd

(24)

Tools

We will use the well known Taylor series for f : Rd → R
f (x) =

Dα f (a)
Dα f (ζ )
(x − a)α + ∑
(x − a)α ,
α!
α!
|α|<k
|α|=k

∑

(14)

This estimate is in O(h2x ) if the flow map has bounded second
derivatives in space and first derivatives in time and shows no dependence on ht . The resolution with respect to time does theoretically play a role only when it comes to the interpolation of the
values between the stored time slices.

5.3

Error at Arbitrary Times

Between the stored time steps, each parameter representation has its
own approximation error additionally to the global truncation error
(24).
In case of the polygonal chain, we interpolate linearly Lt between the one-step points x j with respect to time. The additional
approximation error for arbitrary times t ∈ [t j−1 ,t j ] is given by
1
kLt Fttj−1 (x) − Fttj−1 (x)k∞ ≤ ht2 max kF̈tτj−1 (x)k.
8 τ∈[t j−1 ,t j ]

....
1 4
h max k F tτj−1 (x)k.
24 t τ∈[t j−1 ,t j ]

(26)

Together with (24), that leads to an overall approximation error of
O(ht4 + h2x ) for arbitrary times.
As a result, the Bézier curves perform theoretically better than
the piecewise linear curves for small time steps ht . But it is not trivial to predict which variant is to be favored in practical applications
because we have to deal with large ht and the error of the smoothing displacement from C0 to C1 is not easily estimated. To decide
which trajectory representation is best, experiments are necessary.
6

E XPERIMENTS

In this section, we want to compare the smoothness and the approximation error of the interpolated pathlines depending on the different curve representations: the polygonal chain, the cubic Hermite
spline, and the composite Bézier curves in their C0 and C1 versions.
6.1

Storage Space

For a given number of spanning trajectories in space Nx , the Bézier
curves have to cover a time interval htB of three times the length
as the splines htB = 3htS . That way, they all use the same amount
of storage space at the I/O bottle neck. Please note that if there
is no regular grid, which occurs in smooth particle hydrodynamics
(SPH) simulations, for example, the starting point has to be stored,
too. In that case, the cubic Bézier curves need to cover only twice
the temporal distance of the linear trajectories. In that case they
would perform a little better than in our experiments on the regular
grid.
6.2

with
f (x,t) = ε sin(2πωt)x2 + (1 − 2ε sin(2πωt)x.

(25)

Together with (24), that leads to an overall error in O(ht2 + h2x ) if all
derivatives are bounded.
If we use the cubic Bézier curves from the least squares fit, we
know that it performs at least as good as cubic interpolation Ct ,
which is known from [29] to suffice
kLt Fttj−1 (x) − Fttj−1 (x)k∞ ≤

Double Gyre. The double gyre flow field is a two-dimensional
dataset describing two counter-oriented vortices with periodically
shifting vortex cores over time. It is given by the formula


−Aπ sin(π( f (x,t)) cos(πy)
(27)
v(x, y,t) =
df
Aπ cos(π( f (x,t)) sin(πy) dx

Data

For the evaluation of the approximation error and the smoothness of
the trajectory representations, we use four time-dependent analytic
vector fields. The first two are highly artificial and have specially
been chosen to challenge the higher order, smooth trajectory representations. The latter are common test problems that feature a more
natural flow behavior.
Distorted Laminar Flow. Occasionally higher order approximation schemes tend to suffer from overfitting. To evaluate the
sensitivity of the different approaches, we use a laminar flow that is
distorted by random noise having 1% the intensity of the flow itself.
An illustration can be found in Figure 5(a).
Turbulent Flow. Another potential shortcoming of smooth
curve representations is that they are unable to approximate pathlines that are not smooth in the first place, as they appear in turbulent flow. To analyze the over smoothing, we use a random flow
field, an impression of which can be found in Figure 5(b).

(28)

In our experiments, we use the parameters A = 0.3, which limits the
velocity of the field, ε = 0.25, which influences how far the vortices
1
, which is the temporal
move to the left and the right, and ω = 10
frequency of the moving cores. The flow field is periodic in space,
too. The pathlines seeded in [0, 2] × [0, 1] do not leave this area. We
equidistantly seed the spanning trajectories on this domain and use
a total simulation duration of T = 10, which coincides with one full
periodic cycle in time.
ABC. The Arnold-Beltrami-Childress (ABC) dataset is a threedimensional time-dependent flow field. It is a solution of Euler’s
equations in three dimensions for incompressible, inviscid fluid
flows. Given by the analytic formula


((A + 12 t sin(πt)) sin(z) +C cos(y))
v(x, y, z,t) = (B sin(x) + (A + 12 t sin(πt)) cos(z)) ,
(29)
(C sin(y) + B cos(x))
it is 2π-periodic along each coordinate axis and√has a period
of 2
√
with respect to time. We use the parameters A = 3, B = 2,C = 1,
the domain [0, 2π]3 and a total simulation duration of T = 4.
In contrast to the double gyre dataset, most of the pathlines actually leave the domain during the simulation. We stop the interpolation if the next step would lead outside the domain.
6.3 Approximation Error
To evaluate the approximation error of an interpolated pathline x(t),
we compare it to a numerically integrated pathline x̃(t) starting at
the same seedpoint using the same Runge Kutta integrator as for
the calculation of the spanning trajectories on the analytic field. We
measure the average squared Euclidean distance of the points on
the interpolated and integrated pathlines at all Ntsim time steps that
were used for the integration
1
Ntsim

Ntsim

∑ kx(ti ) − x̃(ti )k22 .

(30)

i=0

In order to better distinguish how much of the error stems from the
interpolation in space and how much from the different trajectory
representations, we also calculate the average squared Euclidean
distance only at the endpoints of each of the Nt stored time slices.
Figure 4 contains the approximation error of the four analytic
datasets for fix but representative spacial resolutions. The x-axis
displays the number of time slices that are stored to disk NtB for
the Bézier curves. The splines always have NtS = 3NtB stored time
slices from 3 to 192.
The experiments with respect to approximation error show the
following results:
• The four curve representations give similar results for the laminar flow. The polynomials have still relatively low order are
not very prone to overfitting.
• The results for the random flow differ hardly either. In the
presence of turbulent behavior, the approximation quality at
the given points is already very poor. Therefore, the oversmoothing does not significantly contribute to the error.
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Figure 4: Experimantal results on the approximation error between the interpolated pathlines and the integrated ones depending on the number
of stored time slices NtB for the different flow fields. The splines store three times the time slices NtS = 3NtB .

• The error drops with increasing storage capacity in the double
gyre and ABC flow, but not in the laminar or turbulent flow.
• The error at the endpoints is higher for very small and very
large values Nt . This observation seems to contradict the theoretical result, but can be explained as follows. There are small
parts in the fields that have high divergence, where the interpolation suffices high errors. If we work with only one or
two time steps, this will lead the trajectory to a very unreliable place. For lower step sizes on the other hand, the particle

will move out of these regions quickly and not be disturbed
as much. Especially particles that start close to the edges of
the double gyre dataset have great errors because half of its
neighbors never leave the edge. For very short time steps,
the error also increases, which is due to the finiteness of the
floating point representation and the fact that the spanning trajectories are not perfectly exact. That was not considered in
the theoretical analysis.
• The approximation error of the different curve representations

is more or less comparable.
• If the temporal density is high, the error from the approximation of the spanning trajectories becomes negligible compared
to the error at the endpoints.
• For extreme sparsity in time, the Bézier curves approximate
the trajectories better in the double gyre dataset because they
can better encode their highly bent, complicated shapes. In
contrast to that, the pathlines in the ABC dataset are short and
leave the domain quickly on rather straight trajectories. Here,
the polygonal chains perform a little better than the Bézier
curves.
• There is usually only a very small difference between the C0
and the C1 versions of the representations. There is one exception. The smoothened Bézier curves tend to have a bigger
error in the case of Nt = 2 in the double gyre dataset. The reason is that for Nt = 2, the derivatives sometimes differ greatly.
Smoothing out the adjacent control points can lead to an overshoot of the pathlines outside of the domain.

(a) C0 polygonal chain.

(b) C0 cubic composite Bézier curve.

(c) C1 cubic Hermite spline.

(d) C1 cubic composite Bézier curve.

Figure 6: A randomly seeded pathline in the double gyre dataset.
The integrated line is drawn in dark grey, the interpolated line in
pink using the different curve representations.

All in all, the approximation error is dominated by the interpolation and the patching of the spanning trajectories in space, which
all representations have in common. Therefore, the expected gain
in accuracy from using the Bézier curves did not show in our experiments, except for the case of very long and curvy spanning trajectories and in this case, the smoothing to get C1 curves significantly
increases the error. We expect the difference in the asymptotic behavior to show in the case of much higher spacial density, though.
6.4 Smoothness
The visual results for the first two flow fields do not differ gravely
for the different curve representations. All trajectory representations perform very well on the distorted laminar flow and very
poorly on the turbulent one. An impression of the approximation
using the C1 composite Bézier curves can be seen in Figure 5.

(a) Distorted laminar flow.

(b) Turbulent flow.

Figure 5: Randomly seeded pathlines. The integrated lines are
drawn in dark grey, the interpolated lines using the C1 composite
Bézier curves with Nt = 2 in pink.
Figure 6 shows one randomly started pathline in the double gyre
dataset. In all images Nx = 64 × 32 spanning streamlines were
evenly distributed. For the polygonal chains, we partitioned the
total integration time into NtS = 18 time steps, for the cubic Bézier
curves into only NtB = 6 to even the storage space. A zoom into the
top left corner is depicted in Figure 7 for the Bézier curves. Here,
the smoothing process and the resulting overshoot of the C1 curve
can be observed due to the explicit depiction of the control points.
In Figure 8, we show randomly seeded, integrated pathlines in
the ABC dataset. The same pathlines interpolated using the different trajectory representations can be found in Figure 9. In all
interpolation schemes, Nx = 643 spanning streamlines were used.
Again, we used NtS = 18 time slices for the linear trajectories and
NtB = 6 for the cubic Bézier curves. The color map in Figure 8
encodes the time parameter. It is chosen to represent a flower that
starts in last year’s grey green, then grows fresh juicy green sprouts,
and finally blossoms in pink. It suffices many requirements on a

(a) C0 .

(b) C1 .

Figure 7: Zoom into Figure 6 for the case
of the cubic composite Bézier curve representations. The integrated line is drawn in
dark grey, the interpolated line in pink, the
thin pink line connects the control points.

(a)

(b)

Figure 8: Randomly
seeded pathlines in
the ABC flow from
integration. The color
map represents time.

good color map, [23]. It has a good perceptual resolution because it
uses three colors, but low differing luminance to not interfere with
the 3D shading, is robust with respect to vision deficiencies, and
given the interpretation, the order of the colors is intuitively the
same for everyone.
Figure 10 is an example to demonstrate that each of the the trajectory representations can be used for any kind of advection based
visualization method. On the left, the stream surface is calculated
using Runge Kutta and on the right using the interpolation of the
spanning trajectories with Nx = 64, Nt = 2 and the C1 composite
Bézier curve.
All in all, the C1 representations give smooth pathlines. We
should keep in mind that the round shapes in the Bézier curves correspond to real shapes in the high resolution simulation, while the
shape of the spline is only a heuristic. While the spline has problems to approximate the pathlines at their first and the last segments
because of the lack of information at the ends (Figures 6(c), 9(c)),
the C1 Bézier curves are more likely to overshoot (Figures 6(d),
7). Both C0 representations result in non-smooth curves with sharp
edges. For a deeper evaluation and comparison of the esthetic quality of each representation, a user study is required.
7 C ONCLUSION
We have compared four methods to construct pathlines using parametric Lagrangian flow field representations. Theoretically, the
composite cubic Bézier curves showed to have a smaller approximation error for small time intervals, but in our experiments, the
error from the interpolation in space is dominant, which all trajectory representations share. There was no accuracy gain from us-

(a) C0 polygonal chain.

(b) C0 composite Bézier curve.

(c) C1 cubic Hermite spline.

(d) C1 composite Bézier curve.

Figure 9: Randomly seeded pathlines in the ABC dataset interpolated using the different curve representations.

(a) Integration.

(b) C1 composite Bézier curve.

Figure 10: Stream surface in the ABC dataset.

ing the Bézier curves instead of linear interpolation. The spacial
density has to be much higher than the temporal one to notice the
different asymptotic behavior of the two approaches. The C1 cubic
composite Bézier curves and the cubic Hermite splines resulted in
smoother curves than their C0 counterparts.
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